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1. INTRODUCTION 
In this paper we consider groups admitting a fixed-point-free auto- 
morphism: the general conjecture is that a finite group admitting such an 
automorphism is solvable. Thompson [15] proved that a finite group 
admitting a fixed-point-free automorphism of prime order is nilpotent. 
Gorenstein and Herstein [lo] proved the solvability of any finite group 
admitting a fixed-point-free automorphism of order 4. \Ve consider here 
groups admitting a fixed-point-free automorphism whose order is the 
product of two distinct primes. We obtain the following theorem: 
THEOREM 1. Let G be a finite group admitting a jixed-point-free auto- 
morphism o of order rs, where r and s are distinct primes. Then G is solvable. 
It is well known that a fixed-point-free automorphism 0 of a finite group 
G leaves invariant a unique Sylow p-subgroup for each prime divisor p 
of the order of G. The proof of Theorem 1 depends on a detailed analysis 
of the action of the two automorphisms uY == C$ and os = # on these invariant 
Sylow subgroups. 
In Section 2 we state some preliminary results and set notation. In 
Section 3 we examine the structure of a solvable group admitting a fixed- 
point-free automorphism 0 of order rs, where (1 G (, rs) = 1, and prove 
that such a group has Fitting length at most two. In Section 4 we show 
* The major portion of this paper is contained in the author’s doctoral dissertation, 
written at Yale University under the direction of Professor Walter Feit. The author 
was supported as a graduate student by a National Science Foundation Graduate 
Fellowship. 
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that any invariant Sylow subgroup on which both 4 and $ act fixed-point-free 
is a direct factor of G. 
Then, arguing by induction on ] G I, we see that each prime divisor p of 1 G 1 
lies in one of three disjoint sets r, K, or y, depending on whether $, 4, or 
both + and # have fixed points in the corresponding invariant Sylow 
p-subgroups. In Section 4 we also show that there exists in G a nilpotent 
Hall T-subgroup 0 and a nilpotent Hall K-subgroup K. 
The aim of Sections 5 and 6 is to prove that the invariant Sylow subgroups 
corresponding to primes in y  permute in pairs. Then by Hall’s theorem 
on solvable groups, their product r is a solvable Hall y-subgroup of G. 
In Section 7 we examine the relationship between 0, K, and I’to construct 
a nontrivial proper normal subgroup of G. This completes the proof. 
2. NOTATION AND PRELIMINARY RESULTS 
All groups considered in this paper are assumed to be finite. 
Our notation corresponds to that of Gorenstein [9]. Proofs of quoted 
results that are not referenced to other sources may be found in Gorenstein. 
We use repeatedly, often without explicit reference, the following well- 
known results on fixed-point-free automorphisms: 
Let G be a group, 0 a fixed-point-free automorphism of G. 
(2.1) Every element of G can be written uniquely in the form X+(XU) 
for suitable X. 
(2.2) If  H is a u-invariant subgroup of G, then Co(H) and N,(H) 
are a-invariant. 
(2.3) If  H is a normal u-invariant subgroup of G, then 0 induces a 
fixed-point-free automorphism on G/H. 
(2.4) Let H be a subgroup of G whose image under each automorphism 
of G is conjugate to H in G. Then f~ leaves invariant a unique conjugate 
of H in G. In particular, 0 leaves invariant a unique Sylow p-subgroup P 
of G for each prime p in r(G). P contains every u-invariant p-subgroup of G. 
(2.5) [Thompson] If  u has prime order, G is nilpotent. 
We also need the following results on groups of automorphisms: 
Let A be a group of automorphisms of the group G. 
(2.6) If  A and G are p-groups, then Co(A) # 1. 
Now assume (I G /, 1 A I) = 1. 
(2.7) If  H is an A-invariant normal subgroup of G, CGIH(A) = 
GW-W. 
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(2.8) [G, A] = [G, A, A] (I G and G = C&l)[G, iz]. I f  G is abelian, 
this product is direct. 
(2.9) If  B 4 =3, C,(B) is A-invariant. 
Finally, we shall make frequent use of the following lemmas of Scimemi 
[13]: 
Let G be a group admitting a fixed-point-free automorphism 0. 
(2.10) Let G r KN, N (1 G, (~ K 1, ~ Xi) = I. Assume that the 
fixed points of the nontrivial powers of CJ are all in N. Then G =: K x N. 
(2.11) Let G ~~~ KN, X 13 G, (1 K 1, 1 Nl) = 1. Assume 0 has 
square-free order and that all the nontrivial powers of CJ operate fixed- 
point-free on N. Then G == K x ,V. 
We now fix some further notation. Let G be a group admitting a fixed- 
point-free automorphism Q of order YS, where Y and s are distinct primes. 
Define $ = ur, $ = c”. I f  H is a o-invariant subgroup of G, define Hm = C,(4) 
and H+ =. C,($). Observe that f16 and H4 are a-invariant and that 
H4 n Hti = 1. Thus d, and 4 act without fixed points on Hti and Hrg , 
respectively. It follows from the theorem of Thompson that Hh and H& 
are nilpotent. 
I f  H is abelian and (i H ~, KY) = 1, then by (2.8) 
We will denote [H, (+>, ($11 by Jfr . Ob serve that neither $ nor $J has fixed 
points in HI . 
We now combine (2.4) with Hall’s theorem on solvable groups to obtain 
the following important lemma: 
LEMMA 2.12. Let G be agroup admitting a$xed-point-free automorphism O. 
Let n(G) = {pi 1 1 < i < n}, and for each pi let Pi be the unique a-invariant 
S,i-subgroup of G. G is solvable if and only if P,P, = PjP, for all pairs i,j. 
Proof. I f  P,Pj = PjP, for all i, j, then G is solvable by Hall’s theorem. 
Conversely, if G is solvable and pi , p, E n(G), then there exists an SDi,,*- 
subgroup B of G and all S,i,,j-subgroups of G are conjugate. By (2.4) 
there exists a unique conjugate H of w which is u-invariant. The u-invariant 
S,i-subgroup of H is the u-invariant S,i-subgroup of G. The same is true 
for pi. Hence H = PiPi == PjP, . 
We observe that if a group G admitting a fixed-point-free automorphism u 
contains a u-invariant S,-subgroup H for some set of primes V, then H is 
the unique such subgroup. For H is g enerated by the u-invariant S,- 
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subgroups of G, p E rr. Moreover, H contains every u-invariant n-subgroup 
of G by (2.4). 
We now fix some notation. Assume G, cr are as above, H is a solvable 
u-invariant subgroup of G, and n is a set of primes. We shall write H, for 
the unique u-invariant &-subgroup of H. For any prime p E n(G) we shall 
denote the unique a-invariant Sylow p-subgroup of G by G, or by the 
corresponding upper case letter P. 
3. THE STRUCTURE OF A SOLVABLE GROUP ADMITTING 
A FIXED-POINT-FREE AUTOMORPHISM OF ORDER rs 
Considerable work has been done on the structure of a solvable group G 
admitting a fixed-point-free automorphism group A. This work has yielded 
bounds on the Fitting length of G in terms of the number of prime divisors 
of A. See, for example, the papers of Berger [3, 41, Dade [6], and Shult [14]. 
As a consequence of more general results, Berger [4] has proved that a 
solvable group admitting a fixed-point-free automorphism of order rs, 
Y  and s distinct primes such that (I G I, YS) = 1, has Fitting length two.l 
In this paper we need and prove here a slightly more precise structure 
theorem, Theorem 3.3. We begin the section with two lemmas which are 
of interest in their own right. 
PROPOSITION 3.1. Let G admit a jixed-point-free automorphism u of 
order YS, where r and s are distinct primes. If  G = G,G, , then G = G* x G& . 
Proof. 4 acts without fixed points on G+ , so Gti 2 [G, (d>] by (2.1). 
IfxEG,x=yzforsomeyEG,+,zEG$.Thus 
Hence [G, ($>I C Gti . We conclude that G& = [G, (+)I Q G. Similarly, 
G* = [G, (#)I u G. As G* n G+ = 1, it follows that G = G* x G& . 
PROPOSITION 3.2. Let G, u be as in Proposition 3.1. Suppose P = P$P* , 
where P is the unique u-invariant Sylow p-subgroup of G. If  p is odd or if 
p = 2 and S, is not involved in G, then G has a normal p-complement. 
Proof. We argue by induction on / G I. u restricted to a proper u-invariant 
subgroup or factor group of G has order dividing rs. It follows by induction 
or (2.5) that such a subgroup or factor group has a normal p-complement. 
I f  N(](P)) # G and C(Z(P)) # G, then N(J(P)) and C(Z(P)) both have 
1 I would like to thank Professor T. R. Berger for making these results available to me. 
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normal p-complements. By Glauberman’s extension of Thompson’s normal 
p-complement theorem [7, Corollary 51, so does G. Thus we may assume 
J(P) (I G or Z(P) 4 G. 
In this case, p = O,(G) + I. G/p . is a proper factor group of G and 
so has a normal p-complement. Hence G is p-solvable. 
If  O,(G) # 1, G/O,(G) has a normal p-complement whose inverse image 
in G is a normal p-complement for G. To show that O,(G) + 1, it will 
suffice by the Hall-Higman centralizer lemma to show that (?,(I’) is not a 
p-group. 
Suppose y  divides 1 G/P ,, q $~ p. Let Q be a minimal u-invariant q- 
subgroup of G. If  rjQ ;C G, then PQ has a normal p-complement. Hence 
Q centralizes P and C(P) is not a P-group. 
Thus we may assume that G = PQ = PQ. From the minimality of Q 
we conclude that Q =z Z(Q) and either Q = Qi , Q = Qm , or Q == QQ . If  
Q = Q, , then Q centralizes P by (2.10). I f  Q i Qr , then G = GdiGg and 
Q centralizes P by Proposition 3.1. 
THEOREM 3.3. Let G be a solvable group admitting a fixed-point-free 
automorphism o of order YS, where r and s are distinct primes and (/ G 1, rs) =- I. 
Then 
(a) G/F(G) = (WTG))2 x (G/F(G~YQ x (GIF(G)h~~ . 
(b) If  neither r nor s is a Fermat prime, 
G/F(G) = (G/F(G)), x (W(G)), . 
Proof. (a) We argue by induction on ! G ~. 
Since G is solvable, @(G) iF(G) and F(G/@) = F(G)/@. If @ + 1, then 
by induction G/F e (G/@)/F(G/@) is the desired product. 
Thus we may assume @ -= 1, whence F(G) is the direct product of the 
minimal normal a-invariant subgroups of G. Suppose M and N arc two 
such distinct subgroups. Let K = G/M x G/N. Then 
K/F(K) =: (G,‘AZ)/F(G/M) x (G/N)/F(G,;n:). 
By induction, 
Ki’F(K) ‘v (K/F(K)), x (K/F(K)),,, x (Kp(K)),,, . 
Consider the canonical mapping 
01: G --f G/M x G/N. 
Since 01 is injective, G/F(G) e ol(G)/F(a(G)). Because F(K) n a(G) C F(a(G)), 
ol(G)/F(a(G)) is a homomorphic image of 
a(G)/(F(K) n a(G)) N a(G) F(K)/F(K). 
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Since a(G)F(K)/F(K) is a subgroup of K/F(K), the conclusion of the theorem 
holds for o(G)F(K)/F(K) and h ence for its homomorphic image G/F(G). 
Thus we may assume that F = F(G) is the unique minimal normal 
u-invariant subgroup of G. Since G(o) is solvable, F is an elementary abelian 
p-group for some prime p and C,(F) = F. 
Let G = G/F and choose N 1 F such that N = N/F is a minimal normal 
a-invariant subgroup of G. N is an elementary abelian q-group for some 
prime q # p. (2.10) implies N,, centralizes F. We conclude that N,, = 1. 
Proposition 3.2 applied to NG,, shows that NG,, = N x Gqj . Since 
N a G, , 1 # N n Z(G,) = MC Z(G). Let M be the inverse image of M 
in G. Without loss of generality we assume X6 # 1, whence M,, # 1. 
A Frattini argument now shows that G = FNG(M,,). Let 
F. = C,(M,,) 2 Fd . 
F,, is a u-invariant normal subgroup of G. Since F is the minimal such 
subgroup and is self-centralizing, F, = I 2 F6 . Thus $ acts fixed-point-free 
on FG, and G,!, centralizes F. Hence G,,, = 1. 
There are now two possibilities: p divides j G 1 or p does not divide 1 G I. 
We shall eliminate the first possibility. 
Assume p divides 1 G 1 and let t be any other prime divisor of I G /. Let 
P, T be the u-invariant Sylow p- and t-subgroups of G. If  PT 2 G, the 
inductive hypothesis and the fact that F is self-centralizing imply P Q PT. 
Hence P = O,(G) 2 F, a contradiction. Thus G = PQ. 
Applying the inductive hypothesis to G and using the fact that O,(G) = I 
we find that Q Q G. If  q # 2, the inductive hypothesis applied to FQ 
yields Q = Q* . Proposition 3.2 applied to G then implies P (3 PQ. Hence 
q = 2 and Q # Q4 . 
Let N=N(Q) and P,,=N,. G=FN and NnFCC,(Q)=I. 
C(Q), C O,(G) = 1, so C(Q), = 1. By induction any proper u-invariant 
subgroup of PO centralizes Q. Also P,,, and PO, centralize Q. Thus PO = P,,, 
is elementary abelian and u-irreducible. 
Moreover, if Q,, is any proper P,,(u)-invariant subgroup of Q, then 
the inductive hypothesis applied to PQ, shows that P c~ PQo , whence 
[PO , Q,,] = 1. We conclude that Q is special of class 2 and C,(P,,) = Z(Q). 
Our earlier remarks show that Z(Q) = Z(Q), . 
To derive a contradiction we now consider the representation of 
QP,,(u) = H on F. F is an irreducible K[H]-module, k = GF(p). Let 
L S K be a finite extension of k which is a splitting field for all the subgroups 
of H and consider the L[H]-module F oI, L = FL . Since H acts faithfully 
on F, we can choose a submodule F. of FL on which QP,($) acts irreducibly 
and Z(Q) acts nontrivially. Let K be the kernel of this representation. 
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Since Q <J QP,($), Foi Q is completely reducible and 
FOIQ = r/1 @ “’ 0 r; , 
where the C, are the homogeneous components. If  4 does not stabilize V1 7 
the sum V, d- C;b + ... + P 1 y4’m1 is direct. In this case, for any z’ E V1 9 
7, + & + .., + ‘# 1 1s a nonzero element of F,, fixed by 4. Since 4 has no 
fixed points in F, this is a contradiction. 
Hence Q2($,> C N, where N is the inertial group of C; in QP,:,($‘ It follows 
that N = QP&+:, i.e., F, is a homogeneous k[Q]-module. 
Since Q/Q n K =~- p acts faithfully on any irreducible &-submodule of F,, , 
Z(g) is cyclic. But PO($>, a group of odd order, normalizes and hence 
centralizes Z(g). Since C&P,,<+\) = C,(P,(qS)) = Z(Q), Z(g) == Z(Q) has 
order 2. Moreover, (2’ = Z(Q) -== Z(g). Hence Q is extra-special. 
Observe now that g m= [&, <$‘)]gh Since Z(Q) c gh , & (1 9. We have 
[@, , <+>I~] = 1 and [[Q6, &I~+,;] = 1, so [g6[Q, (+‘>I] = 1 by the three- 
subgroup lemma. Thus Z(Q,) Z(Q) = Z([a, (+>I). It now follows easily 
that (2* and @, (d>] = go are extra special. 
Consider now an irreducible Q($)-submodule U of S;;, Since &(+> =- 
Ccr&o<4’) !A<+:? L’ is a homogeneous Q&+)-module. Thus &J+> is 
faithfully and irreducibly represented on some submodule V of U. 
We now make use of the following well-known result [I I, p. 5741: 
(3.4) Let FI m= QY, where Q is an extra-special q-group, ; Q =: q21t11, 
and Q (I N. Assume that ET is cyclic of prime order and that Y acts trivially 
on @(Q) and fixed-point-freely on Q/@(Q). Assume I-I is faithfully and 
irreducibly represented on a vector space I’ over a field of characteristic 
p r H ! and I’ acts without fixed points on I’. Then q -- 2, 1 Y is the 
Fermat prime 2” 7m I and I7 acts irreducibly on Q,@(Q). 
\Ve applv this result to go(+) and V to conclude that 4 is irreducibly 
represented on Q&j@,,) = [Q, (+)]/@(&). 
Consider the representation of PO($) on the vector space Lli := e/@(p). 
Since C,(P,,) = D(Q), C&P,) -~ (0) and [IV, P,,] = iV. Let K be a splitting 
field for all the subgroups of P”(4) and let IVK = W @ K. We ma) 
decompose bVK as the sum of absolutely irreducible P,,(4)-submodules 
w,= W,@..,@ w,. 
Since [JVK, P,] == W, , [[Vi , P,,] = W, for all i. Since P, is the unique 
minimal normal subgroup of P,,(C) and acts nontrivially on each IVj , it 
follows that P,(+j is faithfully represented on each a$. Since P,(+> is a 
Frobenius group, this implies that r$ acts on each W, as a sum of regular 
representations. 
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Thus every nontrivial irreducible K[(4)]-module appears a component 
of IV, with multiplicity at least t. But C$ acts irreducibly on Qs/@(QJ = [IV, #], 
so this multiplicity must be 1. We conclude that dim W, = dim W = s. 
Since dim W is even, this is a contradiction. 
This eliminates the possibility that p divides 1 G 1. If  p f  1 G 1, then 
CT* = e,,, = 1, so G is nilpotent. Let G, I F be such that G,/F is a Sylow 
subgroup of G/F. Since F is self-centralizing, F(G,,) = F. I f  G,, 2 G and 
G,/F is not a 2-group, then, by induction, Go/F = (G,,/F)d . Thus the theorem 
holds by induction or G = FQ, Q a u-invariant Sylow q-subgroup of G, 
q # 2. 
Let Q0 be any proper u-invariant subgroup of Q, F(FQ,) = F, so by 
induction Q,, = QO* . I f  Q6 = Q we are done; otherwise Q is special and 
Qc+ = z(Q). 
In the latter case, consider the irreducible representation of Q(u) on F. 
Let F, C F be an irreducible Q(4)-submodule on which Z(Q) acts nontrivially 
and let K be the kernel of this representation. A repetition of our earlier 
argument shows that F0 is Q-homogeneous and that Q = Q/Q n K is extra - 
special. Hence Q(4) and F,, satisfy the hypotheses of (3.4). But the conclusion 
of (3.4)-that q = 2 and s = / 4 j is a Fermat prime-contradicts our 
assumption that q is odd. 
This completes the proof of (a). 
(b) With minor modifications the argument above proves (b). Since 
no distinction is made in (b) between even and odd primes, the case p 1 1 G 1 
is eliminated immediately by induction. The final contradiction comes 
from the assumption that neither r nor s is a Fermat prime. 
LEMMA 3.5. Let G, CJ be as in Proposition 3.1 and assume G is p-solvable. 
Suppose K is a a-invariant p-subgroup of G such that K6 = 1, K$ = I. 
Then KC O,(G). 
Proof. Since Kd = 1, K$ = 1, p f  YS. Hence 4 and 4 both act fixed- 
point-free on KO,(G)/O,(G). 
Thus we can apply (2.10) to EO,(G) C G = G/O,(G), to conclude that 
iT centralizes O,(G). By the Hall-Higman lemma this implies a = 1, 
that is, KC O,(G). 
4. Two NILPOTENT SUBGROUPS 
In this section we prove two propositions which will enable us to make 
some immediate reductions in the proof of Theorem 1. Both propositions 
extend slightly some results of Scimemi [13] by eliminating the prime 2 
as a special case. 
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THEOREM 4.1. Let G, o satisfy the hypotheses of Theorem 1. If $ and $I 
both act fixed-point-free on P, the u-invariant X,-subgroup of G, then P is 
a direct factor of G. 
Proof. The proof is by induction on G ~. 
Bv (2.6), p does not divide YS. 
Suppose that O,(G) == P + I. By (2.7) 4 and $ both act fixed-point-free 
on P/P. Application of the inductive hypothesis to G/P shows that P -3 G. 
By the SchurZassenhaus theorem, G possesses an S,,-subgroup and any 
two such are conjugate. Ry (2.4) G h as a a-invariant S,,-subgroup K. By 
(2.11) G == P x K. 
We may therefore assume O,(G) = 1. Then N(j(P)) / G and 
C(Z(P)) # G. By induction, :V(J(P)) and C(Z(P)) both have normal 
p-complements. If  p is odd or if p = 2 and S, is not involved in G, then 
G has a normal p-complement K by Thompson’s normal p-complement 
theorem [7]. Application of (2.10) to KP then yields the desired conclusion. 
Thus it suffices to show that if p m= 2, S, is not involved in G. Assume 3 
divides ! G ~ and let T be the o-invariant &-subgroup of G. Let S -= Z(j(T)) 
and N = N(S). I f  :V =~ G, the inductive hypothesis shows that G/S and 
hence G has a normal 2-complement. In that case, S, is clearly not involved 
in G. 
Hence N #- G, and by induction N p= O,(N) ‘< O,,(;V). Since 
2 { [NN(X) : C,(X)] for any 3-subgroup X of N, F(3) is not involved in 1\‘. 
Hence S controls strong fusion in T with respect to G by Theorem A of [8]. 
I f  S, were involved in G, there would exist x’ E I’* and g E G such that 
xg =- .x-l. But then g = cn, with c E C((X)) and n E N. Since !V is 2-closed, 
.y’b x-1 is impossible. 
THEOREM 4.2. Let G, o satisfy the hypotheses of Theorem I. There exist 
in G two nilpotent subgroups Gb and G$ defined as follows: 
(a) Gh is the product of G,,, with all the o-invariant Sylow subgroups 
on which # acts fixed-point-free. 
(b) G* is the product of G,, with all the a-invariant Sylow subgroups 
on which 4 acts fixed-point-free. 
Proof. This is just Theorem 4 of [13] without the restriction on the 
prime 2. The proof follows from [13] and Theorem 4.1. 
5. PROOF OF THEOREM 1: MAXIMAL SUBGROUPS 
To prove Theorem I we argue by induction on / G I. Thus let G be a 
group satisfying the hypotheses of Theorem 1 and assume we have proved 
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the proposition for all groups of order less than 1 G I. We immediately 
obtain 
LEMMA 5.1. Let H be a nontrivial proper u-invariant subgroup of G. 
Then N(H) is solvable. In particular, N(H) contains a unique u-invariant 
S,-subgroup for any set of primes rTT. 
Proof. CJ induces a fixed-point-free automorphism on N(H)/H. This 
automorphism has order dividing rs, as does (T restricted to H. By induction 
or (2.9, N(H)/H and H are solvable; hence N(H) is solvable. The other 
conclusions result from Lemma 2.12 and the remarks following it. 
Suppose that P = P+P+ for some odd prime p in n(G). By Proposition 3.2, 
G has a normal p-complement K. By Lemma 5.1, G = N(K) is solvable. 
Thus we may assume that P # P,P, for all odd p. By Theorem 4.1 we 
may also assume that Pd # 1 or P& # 1 for all p in V(G). 
We can therefore partition the primes in a(G) into three disjoint sets 
~={p~n(G)lP~=l}, 
K = {PET(G) / P,++ = I}, 
r={p~~(G)jP~#landP,+l}. 
By Theorem 4.2, G contains a nilpotent u-invariant $-subgroup 0 and 
a nilpotent a-invariant SK-subgroup K. The aim of this and the succeeding 
section will be to prove that G contains a solvable u-invariant &,-subgroup P. 
By Lemma 2.12 it will suffice to show that for u, v  E y, UW = WU. The 
product of the invariant Sylow subgroups corresponding to primes in y  
is then a solvable u-invariant &-subgroup of G. 
To prove that UW = WU for U, w E y  we will consider maximal 
a-invariant (u, w}-subgroups M of G. Our procedure will be to prove that 
there exists such a subgroup containing U and W. Then M = UW = WU. 
We begin by proving a sequence of lemmas about maximal u-invariant 
subgroups of G. Throughout this section we assume p, q E n(G). 
LEMMA 5.2. Let M be a u-invariant subgroup of G. Then M, = M n P. 
Proof. M9 is a a-invariant p-subgroup of G, so by (2.4), M, C M n P. 
M n P is a u-invariant p-subgroup of M, so by (2.4), M n P C n/r, . 
Now assume M is a maximal u-invariant {p, q}-subgroup of G and that 
M, 5 1. 
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LEMMA 5.3. If M contains P and N is a maximal a-invariant {p, q)- 
subgroup containing P, then M = N. 
Proof. We have 
ill m-1 iZ!I,M, _ i1’1,P = f’llil, and iv z:z *v,p -~.I PN, , 
It follows that i-W,, N, :P = P(M, , IV,>. Since (M, , N,) is a q-subgroup 
of G by (2.4), the maximality of M and N yields M, = (111, , N,) = N, . 
Hence :%Z 2 V. 
The next lemma is based on an argument of Bender [I]. 
LEMMA 5.4. Suppose O,(M) f  1 f  O,(&‘). I f  M,, is a nontrivial 
a-invariant subgroup ofF(M), then M2 [N(M,,)],,, . 
To prove Lemma 5.4 we need the following lemma: 
LEMMA 5.5. Let X be a t-solvable group for some prime t, Z; a t-subgroup 
of X. Then O,,(N,(Y)) C O,,(S). 
Proof. See [I]. 
Proof of 5.4. We shall show that M is the unique maximal u-invariant 
{p, g}-subgroup of G containing Z(F(M)). Since [N(MJ],,, 2 Z(F(M)), it 
will follow that ~123 [N(M,)],,, . 
Suppose N is also a maximal a-invariant ( p, q}-subgroup of G containing 
Z(F(M)) : 2 := Z, x Z, . Since M = [N(Z,)],,, = [N(Z,)],,, , we have 
z, C QN,v(&,)) an d z, c O&v,&)). 
Thus Lemma 5.5 implies 2, C O,(N) and 2, C O,(N). Hence 
and 
O,(N) c [C(Z,)],,, c 112. 
It follows that F(A ) 2 ,‘lZ. The same argument applied to F(M) yields 
F(M) C N. 
Again, 
and 
O,(M) i O,(N,(O,(M))) 
O,(M) C O,WdO,(W). 
Thus, O,(M)C O,(N) and O,(M) C O,(N) by Lemma 5.5. Hence 
F(M) CF(N). Reversing the roles of M and N we obtain F(N) cF(M). 
Thus %r = [N(F(M))],,, = [N(F(N))],,, = N. 
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LEMMA 5.6. If M is p-closed, P = O,(M). 
Proof. The hypothesis, Lemma 5.2, and the maximality of M imply 
O,(M) = MD = M n P = [N(O,(M))],,, n P = N,(O,(M)). 
It follows that O,(M) = P. 
LEMMA 5.7. Assume (pq, rs) = 1. If O,(M) = 1, P CI M. 
Proof. M has p-length one by Theorem 3.3; it follows that 
M = %~a., @f) = O,.dW 
Thus M is p-closed; using Lemma 5.6 we obtain P = O,(M) CI M. 
LEMMA 5.8. Assume (pq, rs) = 1. If O,(M) n Z(P) # 1, then M 2 P. 
Proof. If O,(M) = 1, the result is immediate from Lemma 5.7. If 
O,(M) # 1, then M > [N(O,(M) n Z(P))],,, 1 P by Lemma 5.4. 
LEMMA 5.9. Assume M 2 P. If O,(M) # 1, then 
W’4 C WWV’) n WW)I,~,)- 
Proof. We assume O,(M) # 1. By Lemma 5.4, M contains 
PY-W’) n O&W)l,.n = N. 
Since NI O,(M), it follows that O,(M) C O,(N). 
We now prove three lemmas which do not deal with maximal subgroups. 
LEMMA 5.10. Assume (pq, rs) = 1 and Z(P), # 1. Either 
wwm,LJ = 1 or P 4 PQb . 
The same result holds if4 is replaced by 4. 
Proof. Let N = [N(Z(P),)],,, I P, Qb. If O,(N) = 1, then N = O,,,(N) 
by Theorem 3.3. In that case, P <I N and P <I PQ4 . 
LEMMA 5.11. Assume that (pq, rs) = 1 and that P,, is a u-invariant 
p-subgroup of G s21ch that P,, = Porn . Assume further that Q,, is a u-invariant 
q-subgroup of G such that Qti CQ,, CI Q,,P,, and that Q (I QP,, . Then either 
P,, centralizes Q or Q0 n Z(Q) # 1. Th e same result holds if we exchange 
the roles of $ and $. 
&/23/I-12 
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,,pL;;fi rz:ce pdu ‘j acts as a group of automorphisms on Q and QO , 
r . 
Q,, XI Q1 c : ... .: I Q,, == Q, 
where Q+r mm N(Q() is a P,,(a)-invariant subgroup of Q. Consider Ni4.r 
Q)iAIP,,/Qi . By (2.7) N(,-r)& = I. Hence N, ,r is nilpotent. It follows that 
[P,,Qi+JCQ, . whence 
[Q, f'o ,...) P,,] L Q" . 
-n times- 
By (2.8) this implies [Q, P,,] C Q(, . 
But (2.8) also implies [Q, PO] d Q. If  [Q, PO] + 1, then 
I =L [Q, PO] n Z(Q) C Q, I-I Z(Q). 
LEMMA 5.12. Assume P,, , Q, are a-inaariant p- and q-subgroups of G 
such that I’,, =- P,,, and such that I’,, centralizes Q,, and normalizes QO . Assume 
also ( pq, YS) m: I. Then P,, centralizes QU . The same result holds if we interchange 
the roles of C$ and 41. 
Proof. We proceed as in the proof of Lemma 5.1 I to show that 
[Qo > pal C Qw . Then [Q,, , p,,l [CA, , p,) , p,,l =~ 1. 
LEMMA 5.13. ilssume that ( pq. rs) 7m I and that N is a a-incariant 
{p, q}-subgroup of G. Then O,(!V) C,v(O,(A~)),, . 
Proof. C L C,v(O,(X)) ~1 N,v(O,(N)) :=- A’. O,(C) char C ii ii’, so 
O,(C) i] A:. It follows that O,(C) is O,,(A). 
Since C has q-length one by Theorem 3.3, WC have O,,.,(C) = O,(C)C, : 
O,(C) x C, char C 4 I\‘. Thus C‘, -1 1\’ and C, C O,(A). Clearly, it is 
also the case that O,(AV) Z C,? . 
6. PROOF OF 'I‘IIEOREM 1: EXISTENCE OF A SOLVABLE S$~UBC:ROLYJ 
Using the results of Section 5, we will now prove that the a-invariant 
subgroups corresponding to primes in y  permute in pairs and thus that G 
contains a solvable a-invariant &-subgroup r. 
The following lemma is critical: 
LEMMA 6.1. Let p, q E y. Either 
(a) fhere exists a u-invariant subgroup p C Z(P) such that 
~mv)I,,*) f 1, 
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OY 
(b) P 4 f'<Qb 3 Qd 
Proof. We divide the proof into two cases. 
Case I: Z(P), # 1. In this case, let M and N be maximal u-invariant 
subgroups of G containing, respectively, [N(P,)],,, and [N(PJJ,,, . M and N 
both contain Z(P), ; by Lemma 3.5, Z(P), is contained in O,(M) and O,(N). 
Lemma 5.8 now implies that M and N both contain P. Thus M = N 
by Lemma 5.3. 
If  O,(M) # 1, then by Lemma 5.9, Z(P) n O,(M) = P satisfies (a). 
I f  O,(M) = 1, then P 4 M by Lemma 5.7. Since M contains Q& and Qs , 
we have P 4 P(Qd, Q,& and (b) holds. 
Case II: Z(P), = 1. Without loss we assume Z(P), # 1. Let N = 
PVV’MI,,~ . I f  O,(N) # 1, then P = Z(P), satisfies (a). Hence, by 
Lemma 5.10 we may assume P u PQ6 . 
Let M be a maximal u-invariant {p, q}-subgroup containing 
If O,(M) = 1, then P 4 M by Lemma 5.7. Then P 4 P(Q* , QIL) and (b) 
holds. 
We therefore assume O,(M) # 1. We have 
[O,(M), , PJ c P n O,(M) = 1. 
Then Lemmas 5.12 and 5.13 imply Pti C O,(M). 
Suppose now that M,, # 1. An application of Lemma 5.11 to O,(M) 
and Mg, shows that O,(M) n Z(P) # 1 or Mq, centralizes P. If  M,, 
centralizes P, then Mq, _C O,(N) by L emma 5.13, a contradiction. Hence 
Lemmas 5.8 and 5.9 show that P = O,(M) n Z(P) satisfies (a). 
Thus it suffices to show that M,, # 1. If  O,(M), # 1, then 
by Lemma 5.4. If  O,(M), = 1 and Mc, = 1, then # acts fixed-point-freely 
on O,(M)M,. Thus M, centralizes O,(M) and, by Lemma 5.13, M, = 
O,(M). From Lemma 5.6 it follows that O&M) = Q > Q4 , a contradiction. 
Thus, in either case, M,, # 1 and the proof is complete. 
We now prove that for u, v  E y, UW = WU. Lemma 6.1 enables us 
to divide the proof into four cases: 
Case I: U Q U( W, , W,) and W (3 W( U, , U,>. In this case, 
[U,, w*]cun w= 1. 
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Thus U, centralizes JJ- and JJi, centralizes c’ by Lemma 5.12. It follows 
from Lemma 5.13 that C, C O,,([iV(Z(J~‘))],,,,,) and JV, C O&V(Z(U))]lL,ZC’). 
Case I therefore reduces to 
Case II: There exist a-invariant subgroups L’ C Z(U) and m C Z( IV) 
such that 0,([N(o)]U,2(.) + 1 and O,([N(W)],,,) #- 1. In this case, let n 
be a maximal u-invariant {u, w}-subgroup containing [N(Cr)]U,W > U. Then 
Lemma 5.5 implies O,,.(M) S O,,.([N(c)]U,,,.) $ 1. Hence 
All = [N(O,,.(M))],,,,,. 2 Z(W). 
Another application of Lemma 5.5 shows 
1 + O,mvm,,,.) 2 ou([~~Mw)lu.uJ c @@q. 
Lemma 5.4 now implies that M? [N(O,,([iV(~)],,,,,))],,,. 2 JP. Hence 
&I rm uJ’J7 = JJTC. 
Case III: C,- ~3 L’(Wd , JJ,: and there exists a u-invariant subgroup 
l?’ C Z(W) such that O,,([N(W)],,,,,.) + 1. In this case, let M be a maximal 
u-invariant (u, zc)-subgroup containing [N(W)],,.. 2 JJ’. Then 
[‘JJ,,d> > O,,,(M),] c c n O&M) = I . 
From Lemmas 5.12 and 5.13 wc conclude that M,,, C O,(fzl). Similarly, 
IMu* , O,,(M),] : 1 and M,,, C O,,(M). Thus + and (I, act fixed-point-free 
on the Sylow u-subgroup of i’lllO,,( F rom Theorem 4.1 we conclude 
that M/O,(M) and hence -W is u-closed; Lemma 5.6 then implies !lZz l-. 
Thus M =m UT/T? : JJ’J-. 
Case I\-: JF- S.J JJ,r,‘, , r.‘,” and there exists a u-invariant subgroup li 
of Z(U) such that O,.([N(()],,,,,.) -’ 1. Interchanging u and ut this becomes 
Case III. 
7. PROOF OF THE SOLVABILITY OF G 
Kow that we have proved the existence of a solvable u-invariant S,- 
subgroup r of G and nilpotent u-invariant S,- and SK-subgroups 0 and K, 
we are ready to prove G is solvable. Our aim will be to show the existence 
of a solvable S,“,- subgroup l% of G (or, equivalently, to show the existence 
of a solvable S’,,“,- subgroup of G). From l% and K we will then construct 
a u-invariant normal subgroup of G. The construction depends on the 
following simple lemma, due to I’. Hall. 
LEMMA 7.1. Suppose G = fIM, -where H and M are u-invariant subgroups 
of G and H is a proper subgroup. Assume L C H is a nontrivial u-invariant 
subgroup normalized by IV. Then G is solvable. 
FIXED-POINT-FREE AUTOMORPHISMS 179 
Proof. Let N = neEG Hg. Clearly N is a proper u-invariant normal 
subgroup of G. If  g E G, then g = hm for some h E H, m E M. Hence 
Thus N is nontrivial. By Lemma 5.1, G = No(N) is solvable. 
To complete the proof of the solvability of G we first assume y  = 0. 
Then G = OK is the product of two nilpotent subgroups and is solvable 
by the theorem of Wielandt-Kegel (e.g., see [12]). 
Assume y  # a. Suppose I’0 = @I’ is a solvable a-invariant S,,,-subgroup 
of G. If  l% = G, we are done. If  not, Theorem 4.2 implies that I’, is 
centralized by K. Hence we may apply Lemma 7.1 to TO, K, and r, to 
deduce the solvability of G. Clearly the same argument holds if we exchange 
the roles of 7 and K. 
We therefore complete the proof of Theorem 1 by showing the existence 
of a solvable u-invariant SD,,- or SD,,- subgroup of G. We divide the proof 
into several cases. 
Case I. There exists p E y  such that Z(P), = 1 and O,(r) # 1. In this 
case, Theorem 3.3 and a Frattini argument show that r = O,(r) N,(P). 
Since Z(P) 4 N,(P), Theorem 3.2 implies that N,(P),, centralizes Z(P). 
Thus Z(P) C Z(N,(P)). 
Since o,(r) 4 P, o,(r) n Z(P) = P Z 1. o,,(r) centralizes P, so 
P c z(r). 
Without loss of generality we assume p6 # 1. By Theorem 4.2 pb 
centralizes 0. Hence [C(~,JYU7 = l% is a solvable SD,,-subgroup of G. 
Case II. For eachp E y, Z(P), # 1 or O,(r) = 1. Since we have assumed 
P # PdPb for odd p, Theorem 3.3 and Lemma 3.5 show that O,(r) = 1 
is possible only if p = 2 and Z(P), = 1. Hence Z(P), # 1 for p E y, p odd. 
Suppose p E y  and t E 7, p and t odd. Let M be a maximal u-invariant 
{p, t)-subgroup of G containing [N(Pm)],,t 2 T, Z(P). Then Z(P), C O,(M) 
by Lemma 3.5. If  O,(M) # 1, then MT) [N(Z(P),)],,, 3 P by Lemma 5.4. 
In that case, M = PT = TP. 
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